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Chemical potential on the lattice

(1) Continuum-like : U Yaly, ~ mb;wn
— quadratic divergence of energy density : £ ~ ;*/a?

— counter terms required useless....

(2) PhOton-ﬁeld-Iike . @En(euawn_kgl — G_Mawn_gl) [Hasenfratz-Karsch '83]
— Abelian gauge invariance kept

— correct finite energy density : £ ~ pu*  useful !

| .Reconsider (1), especially for ip.
2.Utilize (1) for another purpose : control #flavors.
3.Study chiral phase diagram.




| . Lattice fermions

* Doubling problem : Naive chiral&local fermion— |6 species
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Free propagator

D (pa) = — S0Pt am 1o i), m
sin ap, + a?m? e P2+ m?
n=0,m/a

2 poles per dim. = |6 doublers in 4d

* Chiral symmetry v.s. desirable flavor number

flavors chiral  tuning artifact
Wilson: I 0 severe  O(a)
Staggered: 4 I N/A O(ar2)
Domain-wall | I easy O(ar2)
Overlap I I N/A O(a2)

Nielsen-Ninomiya

|6 degenerate
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Im A
Dirac spectrum




¢ Wilson fermion : species-splitting by mass

a5—

+ Sw = 7%(2% — wn—ku - wn—u)
1 . .
'} Dw(p) = a Z[Wu s ap,, + (1 — cos apu)]Flavored mass
Y
Physical (0,0,0,0) : Dw (p) = iv.p, + O(a) - -

Doubler(11/a,0,0,0) : Dw(») = ivup, + 2 + O(a)

|6 Re A _> /
m=0

Only one flavor is massless,
while others have |/a mass.

I '4 '6 '4 )
m Re A
w=8/a
m=2/a m=4/a m=6/a
¢ |5 species are decoupled = doubler-less ] N
. . C

2/a—
¢ |/a additive mass renormalization — Fine-tune x /\

Species-splitting without breaking chiral symmetry ?



Chiral-symmetric way of lifting species degeneracy

VA, :lifted by flavored-mass

v
(2)nv4Avy, : lifted by flavored-chemical potential
holding chiral symmetry!

Wilson Flavored chemical-pot.

@ ® @ O @ @ @ @ species feel different
| | | | — = m ‘ ‘ ™ chemical potential
0O 2 4 o6 8 0 2 4 6

3
Z(l — cospy) ’742 (1 — cospj)
u J=1

Imaginary one is preferred to avoid sign problem.



2. Minimal-doubling

® #Hspecies = 2

[Karsten ‘81 ][Wilczek '87]
[Creutz '07][Borici ‘07]
[Creutz&Misumi | 0]

® One exact chiral symmetry

® Ultra-Locality

Dxw (p)

cf.) Wilson
Dy (p)

= 17y, sSInp,,

— =1

Wilson-like: not mass, but img chemical potential

3

p=1

1 —cosp,)

= 1y, sinp,, + i1y, Z(l — Ccosp;) + 134

counterterm
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| attice fermions
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Wilson ] none 4
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4 M D Sym m etrl es [Bedaque, Buchoff, Tiburzi, Walker-Loud, '08]

. U( I) chiral In a continuum limit . SU(Z) chiral
2.P * 2.P

3.CT 3.CT

4. Cubic 4. Spatial rotation

— Symmetries of finite-density systems
cf.) Naive fermion with

Minimal-doubling Finite density (2flavor)

NS

Same symmetry

Same universality class in cont lim




o Additive chemical-pot renormalization

Flavored mass in Wilson — |/a additive mass ren.

!

Flavored U in MD — |/a additive J ren.

# To control chem pot, we need to tune 3¥niya¥n

This ren. can also change # of flavors !
#=0 #=2 #=6 #=6 #=2 #=0

|
7 6 5 4 3 2 -1 0 1 U3

cf.) For (T=0, u=0) lattice QCD
3 counterterms for a Lorentz-sym cont. limit [Capitani-Creutz-Weber-Wittig '09]
dim3 M3wni74¢n dim4 %%MD% FiaFig



¢ Application to (T,Y) lattice QCD

2-flavor finite-density chiral for Post Sign problem

cf.) Rooting fails for H#0. High cost for overlap.

Optionl: Flavored img u4 + photon-like U
/' /'

To decouple 14 doublers physical chem-pot for 2 flavors

% correct energy density

& EI(M7T7M3) —I(O,T,/Lg) N/'L4

Option2: Flavored real 4 + s fine-tuning

o /'

To decouple 14 doublers physical chem-pot for 2 flavors




Wilson and Minimal-doubling

¢ Wilson
* Flavored mass — finite-mass system
* Chiral symmetry breaking

- Additive mass renormalization
* Mass tuning

+MD
* Flavored chemical potential — finite-density

* Spacetime symmetry breaking

* Additive chemical potential renorm.
* U3 tuning



3. Phase structure in U3-g space



¢ VWhy we need to study

Additive renorm. can change 2-flavor range.
g2
? i ?
#=0 #=2 #=6 #=6 H=2  #=0

7 6 5 4 3 2 -1 0 1 U

Phase diagram can give guiding principle for U3 tuning.

cf.) Aoki phase in Wilson

Chiral limit is taken along -
with the phase boundary.

M

It is essential both for zero & finite-(T,|).




i) Strong-coupling limit

|. Link variable integral

2. Bosonization = meson potential
3. Determine the vacuum

* SC meson potential for MD

Seff — —4NCV01.Veﬂ~‘((7, 7T4) y

1
Veﬂ-’(U, Ty) = 5 log(02 + WZ) — mo + (,ug + 3r

- 3[3(1 +7%) + (1 +dy)?]o® —

N——"

T4

3(1— %) — (1 + dyg)?] 72

|

— Non-trivial chiral phase structure
(6)=0 (6)#0 (6)=0

g°= >~ U3



* m=0

2nd-order phase transition

Divergent correlation length
on the boundary

— mp=0 ms=0

* m+*0

2nd-order — crossover




ii) 2d Gross-Neveu model (la

ree N)

1 - 1 -
S = 5 Z wn’)/y(wn—ku — wn—u) =+ 5 Z wni’VQ(an R wn—i—i - wn—i)

1

— o D (B3 (Bnthn)? + G (Gninatn)] + 1Y Guivatin

* Phase boundary ¥
2-flavor & O-flavor boundary 4f
— 0=0 means no fermion d.o.f L3

g

* Minimal-doubling range

harrower in strong coupling

0-flavor/ 2-flavor = 2-flavor \ O-flavor

4 3 2 1 0 1 2

v



Conjecture on 4d lattice QCD with MD

. 3-N(32/7) g% -3+(32/7)
g = A

(6)#0
(5)=0 KRN (6)=0

Mininlal-doubling range
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g>=C U3
-7 -6 -5 -4 -3 -2 -1 0 1

U3 should be set in MD range.



4. (I-p) phase diagram




i) Strong-coupling limit

|. Link variable integral

2. Bosonization = meson potential
3. Determine the vacuum

— Finite-(T,J) case  [Fukushima-Hatsuda-Nishida ‘04]

* Meson effective potential
N.D

Fea(osmasm, T, pi3) = — (14720 4 (1 —r*)7?) — N,log A

1
_Z log (Z det (Qn—l—ij)1<z',j<Nc) '

nez
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Phase diagram
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Phase diagram

T.(up =0)=0.178  2nd

\o.zL | | / leo

0.15 _

E TCP —1]st
0.05 —

(T = 0) = 0.406

_0' 0
I#I I I/

0 0.1 0.2 0.3 4 0.5

Baryon Chemical Potential

0




Phase diagram
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Phase diagram

. Critical density/temp ratio

pe(T = 0)

.
« KW fermion : Ry = T(im = 0)

~ 2.3

. Staggered : R). ~ 1

. Phenomenology : R}, > 5.5



Phase diagram

. [ricritical point ratio

tri

" . ri H
« KW fermion : Ri%y = Tﬁi ~ 3.4

. Staggered : R ~ 2.0

. Monte-Calro simulation : R > 3



Summary

Flavored chemical potential is another way
of reducing species doublers.

The symmetries of the formulation imply it
suits finite temperature and density system.

We find chiral phase structure in
parameter spaces.

(T,H) chiral phase diagram is close to
phenomenological conjectures.



Future works

® |n this talk we concentrate on Imaginary
flavored g + O(1) real M.

® We can also study Real flavored Y with
fine-tuning of M.
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Effective potential

N.D
Feff(o-a 7T4;m7T7:u7:u3) — A ((1 —|—T2)02 -+ (1 —7“2)77'2) — NclogA
T
— o8 D et (Qntivj)icjen,

nez

for Nc = 3

Z det (Qn+i—j)1§i,j§Nc

nez

E E E E E E
= 8 <1 + 12 cosh? A + 8 cosh? ?) (15 — 60 cosh? o + 160 cosh? i 32 cosh® a + 64 cosh® T)

4 cosh — cosh — | —1 4 h® — h® — 2 h® —
+64 cos + CoS B < 5 + 40 cos T + 96 cos T + 320 cos T

h—— (1 h”™ — + 24 cosh™ — h” —
+80 cos 0 ( + 6 cos T + 24 cos 7 + 80 cos -

3us E o B 4up
h —— cosh —= | —1 h® — 2 cosh —— 1
+80 cos 7 cosh — ( + cos T) + 2 cos T (19)



Effective potential

with

D ’ D
A2:1+(,u3+D7°—§\/1—7°27r4> , B:m+§\/1+7“20,

B B B\’
E:arCSinh<Z>:lOg Z+\/1+(Z> ,




Dispersion relation

4
SKW — Z [ Z n n—i—,u'(pn—hu Un,n—,u'(pn—,u)

lu,:

3
LT _ _
+3 Z 01200 — Unint it — Unin—ithn—g) + H3tnivatn + mibnihn

-+ d4 wm’74( n n—|—4¢n—|—4 — Un,n4¢n4)] 3 (28)

D(p) ~ ivipi + iyap4 \/(1 +dy)? = p 4+ Oap”).  (free)

Vip, k) = —igo (’71 + Y2 +y3 + ’y4\/(1 + dy)? — ,u%) + O(ap, ak) .



